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BY 
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ABSTRACT. A trellis is the figure formed by the stable and unstable mani- 
folds of a hyperbolic periodic point of a diSeomorphism of a 2-manifold. This 
paper describes and classifies some trellises. The set of homoclinic points is 
linearly ordered as a subset of the stable manifold and again as a subset of the 
unstable manifold. Each homoclinic point is assigned a type number which is 
constant on its orbit. Combinatorial properties of trellises are studied using 
type numbers and the pair of linear orderings. Trellises are important be- 
cause their closures in some cases are strange attractors and in other cases are 
ergodic zones. 

Introduction. In Chapter 33 of New Methods of Celestial Mechanics, Poincare 
describes the figure formed by the stable and unstable manifolds of a hyperbolic 
fixed point of a transformation of the upper half plane as follows: "When we try 
to represent the figure formed by these two curves and their intersections, each of 
which corresponds to a doubly asymptotic solution, these intersections form a type 
of trellis, tissue, or grid with infinitely serrated mesh. Neither of the two curves 
must ever 6ut across itself again, but must bend back upon itself in a very complex 
manner in order to cut across all of the meshes in the grid an infinite number of 
times. The complexity of this figure will be striking, and I shall not even try to draw 
it. Nothing is more suitable for providing us with an idea of the complex nature of 
the three body problem, and of all the problems of dynamics in general...." 

The aim of this paper is to understand figures of the type Poincare described so 
well. If p is a hyperbolic periodic point of a diffeomorphism of a 2-manifold, then 
the figure formed by its stable and unstable manifolds will be called the trellis of 
p whenever these manifolds have nonempty intersection. Figure 1 illustrates the 
beginning development of such a trellis. 

Similarly the figure formed by the stable and unstable manifolds of a cycle of 
hyperbolic periodic points is called the trellis of the cycle. A cycle of hyperbolic 
periodic points of a diffeomorphism is a finite collection P of periodic points having 
a cyclic permutation : P > P such that the unstable manifold of p intersects 
the stable manifold of (p) for each p G P. It is natural to conjecture that in 
some cases "ergodic zones" are the closures of trellises. Anosov transformations 
of the torus provide examples where this is the case [1]. One 
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FIGURE 2 

2. The trellis of a horseshoe map. An example where a homoclinic trellis 
can be described comes from Smale's horseshoe map. Let B denote the region in the 
plane consisting of the unit square [O, 1] x [O, 1] plus two half disks Do = {(x, y): x < 
O, x2 + (y-1/2)2 < 1} and D1 = {(x, y): x > 1, (x-1)2 + (y-1/2)2 < 1}. 

Suppose that T is a diffeomorphism of R2 which maps B into itself as pictured 
in Figure 3. In particular we assume that T maps two "vertical strips" R) and R1 
in the unit square onto two "horizontal strips" crossing the unit square as pictured. 

Smale showed [3] that the invariant set A = {p E R ) U R1: Tn (p) E Rb U R1 for 
all n} is a Cantor set with hyperbolic structure and that T restricted to A is topo- 
logically equivalent to the shift automorphism R1 to 
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F IGURE 3 

Under these conditions T restricted to A is topologically equivalent to a shift 
automorphism. The equivalence is obtained as follows: For p E Rk) U R1 define 

n+(p) = sup{k: Ti(p) E Ro U R1 for O < j < k}, 
n- (p) = inf{k: Ti (p) E Ro U R1 for k < j < O}. 

For n-(p) < j < n+(p) define 

s(PXi) { 1 if T(p) E R1 
Note that if p E A, then n- (p) = -oo and n+ (p) = +oo. Define S to be the set of 
functions from the integers to the set consisting of O and 1. S is called the set of 
symbols and is given the compact open topology. 

The shift automorphism a:S S is defined by (as)(j) = s(j- 1). The 

topological equivalence between T restricted to A and a is by h: A ) S, where 
h(p)(;) = s(P, j) 

For s E S and n > O define 
V(s, n) = {p: sj(p) = s(j) for O < j < n}, 

U(s,-n) = {p: sj(p) = s(j) for -n < j < O}. 
It is shown in [2] that V(s, n) and U(s, -n) are vertical and horizontal strips respec- 
tively whose diameters are less than An. The fact that h is a topological equivalence 
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F IGURE 5 

PROOF. Given E > O we will show that there exist integers N and K such that 
TN+K(B) iS within an E neighborhood ofthe unstable manifold wu of p*. For any 
x ¢ Ro U R1, T2(x) E Do. T(Do) C Do and T restricted to Do is a contraction 
map. Thus given E > O one can choose an integer N > O such that x ¢ Ro U R1 
implies 1> (x) is within distance E from the sink in Do for all n > N and hence is 
within E of WU. 

Choose a foliation of Ro U R1 with fibres vertical arcs such that each x E Ro U 
R1 belongs to a fibre ty(x) intersecting gu in a unique point y. T:Tr(?(x)) > 

Tr+1(-y(x)) contracts points by a factor of A < 1 as long as x,T(x) TK(x) E 

Ro U R1. Choose K so that AK < E. Thus TK(?(x)) 

http://www.jstor.org/page/info/about/policies/terms.jsp


726 R. W. EASTON 

FIGURE 6 

It is natural to ask: In what sense is the model trellis "equivalent" to the trellis of a horseshoe map? Several definitions are possible. 
* 2.3 DEFINITION. We say that two trellises are strongly equzvalent if there exists a homeomorphism of the plane taking one onto the other. They are equivalent if their closures are homeomorphic. 

A subtrellis Tn of a trellis T is a subset of the form Tn = S[n bn] U U[cn dn] A development of the trellis T is a sequence of subtrellises {Tn} such that To = P*, Tn c Tn+l for each n > O, and U{Tn n > O} = T. Trellises T and T' are weakly equivalent if they have developments {Tn} and {Tn} such that, for each n, Tn is homeomorphic to Tnt with a homeomorphism which preserves 
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Hypothesis A. The sequence {Kn} and {J' n} are sequences of semicircular arcs 
which accumulate along Tu and ws respectively. We also assume that for each 
n > °, J' n and Kn contain no homoclinic points. 

In order to describe the trellis formed by the stable and unstable manifolds of 
p* it is necessary to impose an additional hypothesis. 

3.1 DEFINITION. q E H n Ko has transition number t if Tt(q) E Jo. t(q) will 
denote the transition number of q and hn will denote the subset of H n Ko of points 
having transition number less than or equal to n. 

3. 2 LEMMA. q has transition number n if and only if q has type number n. 

PROOF. If q has type number n, then S[O, Tn (q)] n U[o, q] 7& 0 Hence P1 s 
Tn(q). Also, S[O,Tn+l(q)] n U(O,q] = 0, and it follows that Tn+l(q) s P 
Therefore Tn(q) E Jo so t(q) = n. 

If t(q) = n, then S[O,Tn(q)] n U[O,p] 7& 0 because Tn(q) E Jo. Further, 
Tn+1 (q) E J1 and hence S[O, Tn+l (q)] n u[oX q] = 0. Therefore q has type number 
n. 

Hypothesis B. There exists a positive integer I such that 
(1) if a,b are u adjacent points of hn with t(a) = t(b), then Tn(U[a,b]) is 

contained in the D-shaped region bounded by Jr U K', where r = n - t(a). 
(2) If a, b are u adjacent points of hn with t(a) < t(b), then Tn(U[a, b]) n J-1 

contains exactly two points whenev
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F IGURE 9 

O < r < n + 1 add type n - r endpoints according to the "strange" construction 
of a middle third Cantor set in Jr. In the D shaped region bounded by Jr n Kr 
symmetrically join the upper and lower type n - r endpoints with semicircular arcs 
which do not intersect the previously constructed initial segment U[p*, pn] of the 
unstable manifold. 

Next join all points of the weaving set Wn with arcs inside the square Q which do 
not intersect U[p*, pn]. The important point here is that there is exactly one way 
to do this. All the new arcs connect to form Kn and are added to the development 
of w+n. Figure 9 above indicates the construction for I = 2 and n = 5. Type S - r 
points have been added to Jr for O < r < S but the connecting arcs constituting 
Ks have not been drawn. In analogous fashion one constructs W+ consisting of 
S[p*, po] and the arcs Jl n U J-n for n > 1. The construction is determined by 
requiring S[p*, pn] to cross 
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