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Abstract 

Symplectic twist maps are obtained from a Lagrangian variational principle. It is well known that nondegenerate minima 
of the action correspond to hyperbolic orbits of the map when the twist is negative definite and the map is two-dimensional. 
We show that for more than two dimensions, periodic orbits with minimal action in symplectic twist maps with negative 
definite twist are not necessarily hyperbolic. In the proof we show that in the neighborhood of a minimal periodic orbit of 
period n, the nth iterate of the map is again a twist map. This is true even though in general the composition of twist maps 
is not a twist map. @ 1998 Elsevier Science B.V. 
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1. Introduction 

We consider a discrete Lagrangian system on the 
configuration space Q, of dimension d. A discrete La- 
grangian, L( x, x') , x, x’ E Q, is a generating function 
for a symplectic map (x’, y’) = F(x, y) on Q x Wd, 
that is implicitly defined by (for a review, see Ref. 

[lOI) 

y=-Lr(x,x’), y’=Lz(x,x’). (I) 

The subscripts 1 and 2 denote the derivative with re- 
spect to the first or second argument, respectively. We 
assume that the (local) twist condition, det ~512 # 0, 
holds, so that x’ can be determined, at least locally, 
as a function of (x, y ) . The dynamics can also be ob- 
tained critical point of W,, corresponds 

to a periodic orbit of F with period n. 
A minimal periodic orbit is a nondegenerate, local 

minimum of W,, (we do not require it to be glob- 
ally minimizing as in Aubry-Mather’s theory [ IO] ) . 
When the twist is negative definite, minimal orbits are 
expected to be important: for example every orbit on 
an invariant torus (that is a Lagrangian graph) is min- 
imizing [ 91. The purpose of this note is to establish 
the relation - if any - between the fact that the orbit 
is minimal and its stability type. 

Relations between the index of a certain quadratic 
form (which is not the Hessian of the action) and the 
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