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Abstract. We consider the discrete eigenvalues of the operator Hε = −Δ + V (x) + ε2Q(εx),
where V (x) is periodic and Q(y) is localized on R
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972 M. A. HOEFER AND M. I. WEINSTEIN

Our main result, Theorem 3.1, concerns the perturbed eigenvalue problem

Hε
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974 M. A. HOEFER AND M. I. WEINSTEIN

Our results concern a particular class of weak defects, slowly varying and of small
amplitude: ε2Q(εx), which give rise to defect modes in any spatial dimension. We
note that the one- and two-term truncated multiscale homogenization expansion of
defect modes, which we construct, are natural trial functions for a variational proof
of existence of ground states; see the discussion in Appendix B. Note also that the
scaling of the perturbing potential, ε2Q(εx), also arises naturally in solitary standing
wave (“soliton defect mode”) bifurcations from band edges of periodic potentials in the
nonlinear Schrödinger/Gross–Pitaevskii equation [16].

Homogenization theory has been used to study periodic elliptic divergence form
operators near spectral band edges in [6, 7, 2]. Homogenization results for the time-
dependent Schrödinger equation with a scaling equivalent to the one considered here
were obtained by two-scale convergence methods in [3]; see also [28, 5, 2]. In [3] the
contrast between the scaling we use and the semiclassical scaling is discussed. These
results establish the validity of the homogenized time-dependent Schrödinger equation
on certain finite time scales. The results of the present paper focus on a subclass of
solutions, bound states, which are controlled on infinite time scales.

Finally, we mention work on effective classical electron motion in solid state
physics, derived from the Schr¨
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6. Fourier spectral cutoff:

χ
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976 M. A. HOEFER AND M. I. WEINSTEIN

We will study the bifurcation of eigenvalues from the band edge

(2.8) E∗ ≡ Eb∗(k∗), k∗,j ∈ {0, 1/2}, j = 1, . . . , d,

with the associated, real-valued band edge eigenfunction

(2.9) w(x) ≡ e2πik∗·xpb∗(x; k∗) ∈ L2(Ω).

For example, the lowest band edge is E0(0) and the associated eigenfunction is periodic
p0(x+ej
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978 M. A. HOEFER AND M. I. WEINSTEIN

0 0

sp e c(LA , Q) , sgn (A ) = +1 sp e c(LA , Q) , sgn (A ) = −1a) b)

Fig. 3.1. Discrete and continuous spectrum of LA,Q. (a) Positive definite effective mass tensor.
(b) Negative definite effective mass tensor.

Set sgn(A) = +1 if A is positive definite and sgn(A) = −1 if A is negative
definite. Assume LA,Q has a simple eigenvalue eA,Q with sgn(A)eA,Q < 0
and corresponding eigenfunction
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Remark 3.4 (branches emanating from degenerate eigenvalues of LA,Q). In spatial
dimensions, d > 1, the operator LA,Q may have degenerate eigenvalues, e.g., if there is
symmetry in Q(y). Suppose eA,Q has multiplicity M . Then, since LA,Q is self-adjoint,
eA,Q perturbs, generically, to M distinct branches. Thus, applying the method of
proof of Theorem 3.1, each degenerate eigenvalue of LA,Q of multiplicity M gives rise
to M branches of eigenpairs of Hε. The cluster of M distinct eigenvalues of Hε is
within an interval of size O(ε3) about E∗ + ε2eA,Q. The jth eigenbranch satisfies the
error estimates ∥∥∥u(j)

ε (·; μ(j)
ε ) −

N∑
n=0

εnU (j)
n (·, ε·)

∥∥∥
H2(Rd)

≤ εN−1C,

∣∣∣μ(j)
ε − E∗ − ε2eA,Q −

N∑
n=3

εnμ(j)
n

∣∣∣ ≤ εN+1C(3.5)

for j = 1, 2, . . . , M , all N ≥ 4, and some constant C > 0, which is independent of
ε. This behavior is shown in Figure 1.2, where an eigenvalue of multiplicity three
bifurcates from the band edge.

4. Homogenization and multiscale expansion. We derive a formal asymp-
totic expansion for the bound state that bifurcates from the band edge into a gap.
The results of these calculations will be used as an ansatz in section 5 to rigorously
prove existence and error estimates.

We assume that uε(x; με) satisfies (1.1),

(4.1) [−Δ + V (x) + ε2Q(εx)]uε = μεuε,

and expand it in an asymptotic series as follows:

(4.2) uε(x; με) = Uε(x, y) =
∞∑

n=0

εnUn(x, y), με = E∗ +
∞∑
n=1

εnμn,

where y = εx is the slow variable. Treating x and y as independent variables, (4.1)
then takes the form

(4.3)
x � 2 x
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Viewed as a system of partial differential equations for functions of the fast vari-
able x
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4.3. O(ε2) equation. Inserting the expressions (4.13) and (4.14) into (4.6)
yields

(4.16) L∗U2 = 2∂yjF1∂xjw − L[F0],

where the linear operator L[G] for G ∈ H2(Rd) is

L[G](x, y) = − 4∂xjL−1
∗ {∂xl

w}(x)∂yj ∂yl
G(y)

+ w(x)[−Δy + Q(y) − μ2]G(y).
(4.17)

Definition 4.3. Define the operator LA,Q : H22
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982 M. A. HOEFER AND M. I. WEINSTEIN

We can now write F1 in terms of FA,Q as

(4.27) F1(y) = L−1
A,Q

{
− 〈w(◦), H3(◦, ·)〉L2(Ω) + μ3FA,Q(·)

}
(y).

With this choice of F1, (4.23) is solvable and its general solution is

U3(x, y) = w(x)F3(y) + 2∂yjF2(y)L−1
∗ {∂xjw}(x)

− L−1
∗
{

L[F1](·, y) + H3(·, y) − μ3w(·)FA,Q(y)
}

(x),
(4.28)

where F3(y) is to be determined. Note also that F2(y), introduced at O(ε2), is to be
determined.

4.5. (εn) order equation. Continuing the expansion to arbitrary n ≥ 4 from
(4.7), we have

(4.29) L∗Un = 2∂yjFn−1∂xjw − L[Fn−2] − Hn + μnwFA,Q,

where Hn
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984 M. A. HOEFER AND M. I. WEINSTEIN

edge and “far” from the band edge:

Ψε(x) = Ψε
near(x) + Ψε

far(x) = T −1Ψ̃ε
near(x; ·) + T −1Ψ̃ε

far(x; ·),
Ψ̃ε

near(x; k) = ΠnearΨ
ε(x) ≡ χ(|k − k∗| < εr) Tb∗{Ψε}(k) pb∗(x; k),

Ψ̃ε
far(x; k) = ΠfarΨ

ε(x) ≡
∞∑
b=0

χ(|k − k∗| ≥ εrδb∗,b) Tb{Ψε}(k) pb(x; k),

(5.5)

where δn,m is the Kronecker delta function and the indicator functions are defined as

(5.6)

χ(|k − k∗| < εr) ≡ 1{k∈Ω∗:|k−k∗|<εr}(k), χ(|k − k∗| ≥ εr) ≡ 1{k∈Ω∗:|k−k∗|≥εr}(k).

Remark 5.1. For our analysis near the band edge, we will use Taylor expansions
of various quantities about k = k∗. Without loss of generality, we will assume that
k∗ ≡ 0, which enables a notationally cleaner presentation. See Remark 2.1.

We will use the conventions

Ψ̃ε
near(k) ≡

〈
pb∗(·; k), Ψ̃ε

near(·; k)
〉
L2(Ω)

,

Ψ̃ε
far(k) ≡

(〈
pb(·; k), Ψ̃ε

far(·; k)
〉
L2(Ω)

)
b≥0

,

(5.7)

where Ψ̃ε
near(k) is a scalar and Ψ̃ε

far(k) is an infinite vector. This decomposition was
used in [10, 9, 16]. The parameter r is assumed to lie in the interval

(5.8) r ∈ (2/3, 1),

the choice of which will be made clear later.
We now apply the Bloch transform to (5.2), project onto the Bloch modes pb(·; k),

and use the properties (2.3) and (2.4) to find

[Eb(k) − E∗ − ε2eA,Q] Tb {Ψε} (k) + ε2Tb {Q(ε·)Ψε(·)} (k)

= ε2Tb {Rε[Ψε, Υε]} (k), b = 0, 1, . . . .
(5.9)

We view this as a coupled system of equations for the near and far frequency compo-
nents Ψ̃ε

near(k) and Ψ̃ε
far(k), k ∈ Ω∗:

near:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(Eb∗(k) − E∗ − ε2eA,Q)Ψ̃ε
near(k)

+ ε2χ(|k| < εr)Tb∗ {Q(ε·)Ψε
near(·)} (k)

= ε2χ(|k| < εr)
[

− Tb∗ {Q(ε·)Ψε
far(·)} (k)

+ Tb∗ {Rε[Ψε
near + Ψε

far, Υε]} (k)
]
,

(5.10)

far:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Eb(k) − E∗ − ε2eA,Q)χ(|k| ≥ εrδb∗,b)Ψ̃
ε
far,b(k)

+ ε2χ(|k| ≥ εrδb∗,b)Tb {Q(ε·)Ψε
far(·)} (k)

= ε2χ(|k| ≥ εrδb∗,b)
[

− Tb {Q(ε·)Ψε
near(·)} (k)

+ Tb {Rε[Ψε
near + Ψε

far, Υε]} (k)
]
, b = 0, 1, 2, . . . .

(5.11)
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986 M. A. HOEFER AND M. I. WEINSTEIN

Therefore, Dφ̃G̃[0, 0, ψ, υ] = I is invertible. Note that we use the fact that 0 < r < 1

to conclude that limε→0 ε2χ(|k| ≥ εrδb∗,b)/[Eb(k) − E∗ − ε2eA,Q] ≡ 0. The implicit

function theorem implies that there exists ε0 > 0 and a unique Ψ̃ε
far[Ψ

ε
near, Υε] ∈ X 2

satisfying

(5.18) G̃
[
Ψ̃ε

far[Ψ
ε
near, Υε], ε, Ψε

near, Υε
]

= 0

for 0 < ε < ε0.
Equation (5.18) is equivalent to

(
Ψ̃ε

far

)
b

(k) = −ε2
Tb

{
Πfar

[
Q(ε·)Ψε

far(·) − Rε[Ψε
near + Ψε

far, Υε](·)
]}

(k)

Eb(k) − E∗ − ε2eA,Q
.(5.19)
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for some



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

988 M. A. HOEFER AND M. I. WEINSTEIN

Lemma 5.2.

(A) Assume Ψ̃ε
near(k) is given by (5.28). Then[
Ajl

kj

ε

kl

ε
− eA,Q

]
Ψ̃ε

near(k)

= Fy

{(
Ajl∂yj∂yl

− eA,Q

)
χΔ
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the sum can be estimated as follows:∑
|m|≥1

� ∣∣∣∣Q̂( l

ε

)∣∣∣∣
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990 M. A. HOEFER AND M. I. WEINSTEIN

The right-hand side has the form

FH [Φ, Υε, ε] = χ(|κ| < εr−1)(εdR̃ε
near[χ(|∇| < εr−1)Φ/εd, Υε] + R̃c[Φ])

= χ(|κ| < εr−1)
[
ΥεF̂A,Q(κ) +

〈
w(·), Û#(·,κ)

〉
L2(Ω)

+ O(εr + ε2−2r + ε3r−2)
]
.

(5.41)

We define the operators χε, χε:

(5.42) χε ≡ χ(|∇y| < εr−1), χε ≡ 1 − χε = χ(|∇y| ≥ εr−1).

In physical space we can write (5.40) as

(5.43) χεLA,QχεΦ = χεH [Φ, Υε, ε],

where

H [Φ, Υε, ε](y) = ΥεFA,Q(y) +
〈
w(·), U#(·, y)

〉
L2(Ω)

+ h[Φ, Υε, ε],

‖χεh[Φ, Υε, ε]‖H2(Rd) ≤ C(εr + ε2−2r + ε3r−2)(1 + ‖Φ‖H2(Rd)).
(5.44)

In order to solve (5.43), we require a regularization that guarantees the invertibil-
ity of the operator χεLA,Qχε. Since zero is an isolated eigenvalue of LA,Q, there is a
small disc of radius ρ = ρε about zero, with boundary Cρ such that for ε sufficiently
small, Cρ encircles m eigenvalues of χεLA,Qχε, counting multiplicity, where m is the
multiplicity of zero as an eigenvalue of LA,Q.

Introduce the projection onto the spectral subspace associated with eigenvalues
of χεLA,Qχε, encircled by Cρ:

(5.45) Πε ≡ 1

2πi

�
Cρ

(χεLA,Qχε − λI)−1 dλ.

Note that

(5.46) Π0 = 〈FA,Q, ·〉L2(Rd)

projects onto the kernel of LA,Q.
We now rewrite (5.43) as the following system for Φ and Υε:

χεLA,QχεΦ = χε(I − Πε)χεH [Φ, Υε, ε],(5.47)

χεΠεχεH [Φ, Υε, ε] = 0.(5.48)

Any solution (Φε, Υε) of (5.47), (5.48) is a solution of (5.43).
We claim that for ε small (5.47) can be solved for Φ = Φε[Υε] via the equivalent

nonlocal “integral” equation:
(5.49)

Φε = (χεLA,Qχε)
−1 (I − Πε)

(
ΥεFA,Q +

〈
w(·), U#(·, y)

〉
L2(Rd)

+ h[Φε, Υε, ε]
)

.

Indeed, the solution may be constructed using the iteration

Φε
j+1 = (χεLA,Qχε)

−1χε(I − Πε)χε

(
ΥεFA,Q +

〈
w(·), U#(·, y)

〉
L2(Rd)

+ h[Φε
j , Υε, ε]

)
,

Φε
0 = (χεLA,Qχε)

−1χε(I − Πε)
(

ΥεFA,Q +
〈
w(·), U#(·, y)

〉
L2(Rd)

)
.

(5.50)
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By use of (5.45) and (5.44), we have

‖Φj+1 − Φ
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This result follows from properties of the Floquet discriminant Δ(E) [12]. Briefly, for
each E, one constructs a 2 × 2 fundamental matrix of solutions M(E
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which is the first term in the inner product of (A.12). In addition, the identity

(A.13) L∗e2πik∗·xf(x) = e2πik∗·xL
(k∗)∗ f(x)

implies

(A.14) e2πik∗·x(L(k∗)∗
)−1 {(∂xl

+ 2πik∗,l)pb∗(·; k∗)} (x) = L−1
∗ {∂xl

w(·)} (x),

and the result follows.

Appendix B. Homogenization and variational analysis. The existence of
a bound state for (1.1) bifurcating from the lowest band edge E0(0) can be proved by
showing that the Rayleigh quotient

(B.1) E [u] =

�
R
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