










161LU FACTORIZATION OF NS-FORMS

FIG. 1. Organization of the non-standard form of a matrix. The submatrices Aj , Bj , and Cj , j � 1, 2,
3, and T3 are the only non-zero submatrices.

Aj : Wj r Wj , (2.10a)

Bj : Vj r Wj , (2.10b)

Cj : Wj r Vj , (2.10c)

whereas operators Tj operate on subspaces Vj ,

Tj : Vj r Vj . (2.11)

The wavelet transform recursively represents operators Tj as

S Aj/1 Bj/1

Cj/1 Tj/1
D , (2.12)

which is a mapping

S Aj/1 Bj/1

Cj/1 Tj/1
D : Wj/1 ! Vj/1 r Wj/1 ! Vj/1 , (2.13)

where Vj � Wj/1 ! Vj/1 . If the number of scales is finite, then we obtain T0 �
{{Aj , Bj , Cj}1¡j¡n , Tn}, and the blocks of the NS-form are organized as blocks of a
matrix shown in Fig. 1.

We note that for d ¢ 2 the blocks of the NS-form have additional structure. From
now on we will assume that d � 1, although many considerations are essentially
the same for d ¢ 2. We will defer additional remarks about dimensions d ¢ 2 to
Section 10.

Remark 2.1. Since projection operators involve subsampling, equalities like that
in (2.9) may appear inconsistent if we compare sizes of blocks in Fig. 1. For example,
the size of blocks A3 , B3 , C3 , and T3 is not the same as that of T2 . The transition
from operator notation as in (2.9) to a matrix notation involves combining the blocks
A3 , B3 , C3 , and T3 as in (2.12), and performing one step of the two-dimensional
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