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Buid conduits have been observed experimental][ but
their properties have never been studied.
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scaleL is proportional to the uniform conduit radius while
vertical variations are assumed to be weak according to

E=r/lL, z= Y2z/L, L = Ry 8. (18)

The proportionality constant in the characteristic length

is chosen for convenience in working with the govern-
ing equations but will be rescaled to arrive at the stan-
dard form of the conduit equatio(il). The boundary is
now denoted byr = (z,t)= Rog+ R(z,t) or F= (Ro +
R(zt)))L R(zt. Hence the unit normal and tangent
vectors for the conduit are given by
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Velocities are normalized to the radially averaged vertical
velocity of the uniform conduit
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leading to the long time scale®V2T for vertical dynamics
where

ut® = uto/y, U = (21)

t= Y2yT, T = L/U. (22)

To nondimensionalize the pressure, the characteristic scale

is chosen so that the vertical pressure gradient within the
conduit balances the viscous force due to radial variation in
the vertical velocity,

. (ie) & )
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Like in dimensional variables, the nondimensional, modiped
pressure can be decomposedsés) = Fe) § p{® where
pie) = 12ple)/ jsthe scaled, absolute pressure pfid

is the normalized hydrostatic pressure which takes the form
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Surface tension was neglected in the discussion of the uniform
conduit, but it will be included in the full system of equations
for completeness, so it is normalized about a characteristic
scale :

+= /. (25)

The Reynolds numbers for the viscous RBuid conduit system
are therefore debned for the two Ruids according to
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derive information about higher order corrections in special
cases. In what follows, we determine the scalings such that all
corrections to the conduit equati¢h) areO( ).

A. Viscous, higher order corrections

The equations solved in deriving the conduit equatibn
in Sec.lll B were a special case of the StokesO Row equations,
in which the vertical dynamics occurred over a much longer
length scale than the radial dynamics. A convenient analytical
property of the axisymmetric StokesO Row equations, is that
one can rewrite the nondimensional equations in the f@%h [
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where () js the StokesO stream function, which is related to
the velocity components by
R T - B T ('
uE"e) =3 1/2F . ug'e) ==

, (60)

In the asymptotic formulation, the Ruid pressures and veloci-
ties were expanded in asymptotic series and expressions for the
leading order term in the expansion were found. It was unclear
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With the limits of validity of the theoretical model es-
tablished, viscous Ruid conduits provide an optimal setting
for the precise, quantitative, experimental study of DSWs.
Dispersively regularized shock waves have attracted a great
deal of interest in recent years due to their observation in a
range of physical systems, to include ultracold, dilute gases
[26,27], ion-acoustic plasma2@], nonlinear optics 29,30],
and shallow waterd1], but careful comparisons of theory
and data are lacking. One difbculty is the long length and
time scales required for the study of DSWs. These slowly
modulated wavetrains are characterized by the presence of
two scales. One is th@ (1) scale of individual oscillations and
the other is a long, slow scale of wave modulati@&l/ ),

+ 1 (generally, +is different from debned in Eq(2)).
However, images from previous experiments demonstrate that
the experimental study of DSWs is accessible in viscous
Buid conduits, e.g., FigR. In this setting, a DSW is created
by a steplike increase in the injection rate. This results in
a larger trailing, vertically uniform conduit connected to a
smaller, leading vertically uniform conduit by a region of
oscillating conduit waves, as depicted in Fi).By use of

an automated syringe pump, high resolution imaging and
accurate measurement of the Ruid densities and viscosities,
precise quantitative experiments are possible. With the long-
time validity of the conduit equatioiil), measurements of
characteristic DSW featuresNleading and trailing edge speeds

and leading edge amplitudeNcan be compared with the
vertically uniform, intrusive conduit is established with red Buid and 9 g P P

then perturbed by a steplike increase in ’Fhe_injection With green f&uiqggsgggzldr?j# tILSeO(l: Oans gﬂpézt;&%?gl)? :Ir?en ;?sszﬁfjﬁtﬁ(s)r s
One can see the formation of a DSW, with its characteristic pel’lodl(in (14
wavetrain slowly modulated over long space and time scales. An Thé conduit equation is asvmptotically equivalent to
interesting observation is that the trailing Buid becomes trappecli< . q y p_ y €q
within individual waves of the DSW, surrounded by the leading or.teweg-deVrles in the S,ma" amplitude, long wavelength
Ruid. regime B4], but DSW regimes, e.g., backRow and DSW
implosion, have been observed in large amplitude numerical
and Whiteheadq] observed a similar underestimation when simulations of(1). This work shows that these fully nonlinear,
the amplitude of conduit waves exceed®d 10. Checking dispersive hydrodynamic features of the reduced model are
the small slope conditionV?R 1 in both cases (direct experimentally accessible in viscous Buid conduits.
evaluation givesY2R 4.5 and 2, respectively) reveals that
indeed the perturbed conduit radius exceeded the critical
threshold and inertial effects would need to be incorporated to
model the conduit dynamics accurately for larger amplitude. We thank Edward Shaughnessy and Karl Helfrich for
Hence our criteria accurately predict the point of breakdowrmany fruitful discussions. This work was supported by NSF
of the conduit equation as an approximate description of th&rants No. DGE-1252376, No. DMS-1008973 and CAREER

interface. DMS-1255422.

FIG. 2. (Color online) Figure 18 from the review articl®.[A
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